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Random Processes — Formulas

1 Distributions

1.1 Continuous

Notation PDF CDF E[X] Var[X]
0 x<a ,
Uniform Ula,b] b-a asxsb 79 gs<xsb atb | (b=a)
0 otherwise b~ 2 12
1 b<x
2
Normal N(u,o?) a\jﬁ exp | - (xzo_l;) ] d(x) U o2
Exponential | Exp(1) Aexp(-Ax),x=0 1-exp(—Ax) 1/ 1/A?
1.1.1 Q-function
Given Y ~ N(u,0?) 1 [ 2
Qx) = —f exp|——|ds.
y-u V2 Jx 2
P(Y>J’)=Q(T) (1a)
Q) =1-®(x) (1b)
Q(-x)=1-Qx) (1c)
1.2 Discrete
Notation PMF CDF E[X] | Var[X]
I k=0 0 x<0
Bernoulli | Ber(p) { por= 1-p 0=sx<1 p p(l-p)
p k=1
1 1<x
2 Random Variables
Definitions:
Fx(x)=pX <x) (3a)
OF
fxto == SR (3b)
o= px[xx] =Pr[X = xi]
Fx(x):f fx(p)dp (3c) 0<pxlxil<1Vi
pla< X <b) = Fx(b) - Fx(a) (3d) ;px{xi] =1
fx(x)=0 (3e) Fx(x)=Pr(X<x), xeR
~ - Fx(x) = px[x]
f_oo fx(x)dx=1 (3f) k:;%sx

(4e)



Expectation:

E[X] = Jo xfx(x)dx
Yixipx[xil

o080 fx(x)dx

Elg(X)] =
8 {Zig(xi)PX[xi]

ElaX+b] =aE[x]+b

3 Two Random Variables
3.1 Joint Distributions
Definitions:

Fxy(x,y)=pX=x,Y=<y)

2
0°Fxy(x,¥) 0
0x0y

x oy
FXY(x,J’)=f f fxy(s,p)dpds

fXY(x,J’) =

plxj, yil = p(X =x;,Y = yi)
Fxy(,y)=pX<xj,Y <y

Expectation:

I 8x, ) fxy (x,y)dxdy

Elg(X,Y)]=
& {ZiZkg(xi,Yk)PX[xi,Yk]

ElaX +bY]|=aE[X]+ bE[Y]

For independent random variables:

fxy(x,y) = fxX) fy(y)
pxy[xk, yil = px[xilpyly;l
Fxy(x,y) = Fx(x)Fy (y)
E[XY] = E[X]E[Y]
E(g1(X)g(Y)] = E[g1(X)]E[g2(Y)]
Var[aX + bY] = a® Var[X] + b* Var[Y]

Marginal distribution:

fx(x) =f fxy(x,y)dy
pxlxel =) pxylxg yjl
J

Fx(x) = Fxy(x,00)
Fy(y) = Fxy(oo,y)

(11a)
(11b)

(11c)
(11d)

Variance:

Var[X] =E[(X - E[X])?]

=E[X%) - E*[X] (6a)
Var[aX + b] =a® Var[X] (6Db)
Var[b] =0 (6¢)

3.2 Conditional Relations

Conditional distribution (Bayes),
for fx(x), fyr (1), px[xk], py [ye] > 0:

rix0) fx(x) = fxiy @ fr(o = fxy(x,y)  (12a)
pyixlyjlxelpxlxi]l = pxiyxelyilpy lyil = pxy Xk, yjl
(12b)
Fyix(ylx) = p(Y <ylX=x) (12¢)
y

=f frix(slxds (12d)

P[YgJ/j,X:xk]

F =l 12

vix[y1xk] D ] (12e)

Conditional expectation & Variance:
ELYIX] = Jyfrix(ylx)dy (13a)

2 yiplyjlxil

E[X] =E[E[X|Y]]=ffyfmx(ylx)fx(x)dxdy (13Db)

(13c)
(13d)

Var[Y|X] =E[Y?|X] - E*[Y|X]
Var[Y] =Var[E[Y|X]]+E[ Var[Y|X]]

3.3 Correlation, Covariance & Correla-
tion Coefficient

e For two jointly-distributed random variables X and
Y, covariance is given by

Cov[X,Y] =E[(X - E[X])(Y - E[Y])]
=E[XY]-E[X]E[Y]. (14)

Main covariance properties are:

Cov(X, X] = Var[X] (15a)
Cov[X, Y] =CovlY, X] (15b)
Cov[X,al=0 (15¢)
Cov(aX,bY]=abCov[X,Y] (15d)
Cov[X,Y]=Cov(X+a,Y +b] (15¢e)
Var[X + Y] = Var[X] + Var[Y] +2Cov[X, Y] (15f)

|EIXY]| =\/E[X?]E[Y?] Cauchy-Schwatz

(15g)



o Correlation coefficient (also termed as Pearson
product-moment correlation coefficient) is given by

Cov[X, Y]

—_— (16)
ar[X] Var[Y]

Pxy =

such that |pxy| <1.

3.4 MMSE Linear Prediction

Mean square error (MSE) of predictor Y is given by

mse =E[(Y - ¥)%] (17)
Linear prediction of ¥ = ax+b for X = x is
A Cov[X, Y]
Y=E[Y]+ — |x—E[X 18
i+ Var[X] (x [ ]) (18)

and

msemin = E|(Y = (@X+b)*| =Var(1)(1-p%,)  (19)

When X,Y are jointly Gaussian, this prediction is op-
timal among all possible predictors

3.5 Relations
e When X and Y are orthogonal, E[XY]=0.

e When X and Y are uncorrelated, Cov[X,Y]=pxy =
0.

e When X and Y are independent, they are also un-
correlated (see also Egs. 10).

e When X and Y are jointly Gaussian and uncorre-
lated = X and Y are independent.

4 Multi-dimensional Random Variables

4.1 Covariance matrix

Given random vector X = (Xl,Xz,...,XN)T,

Cx =Cov[X,X] = E[(X - EX))(X - E[X])"]

=Exx"1-EXIEX”T

Var[X;] Cov[ X7, Xo] Cov[ X7, Xn]
Cov[ Xy, Xi] Var[X>] Cov[Xy, Xn]
- . . : (20)
Cov[Xpn, X7l Cov[Xy, X2] Var[Xy]
Properties: e Uncorrelated variables
e Symmetry
Cx = diag[Var[Xj], Var[Xz],..., Var[Xn]] (24)
Cx=Cy Cov[X;, Xjl=Cov[X;,X;]  (21)

e Variance of linear combination: Given vector a =
T
(alyaZJ--waN) )

e Cross-covariance: For two random vectors X € R™
and Y€ R", the resulting m x n cross-covariance ma-
trix is given by

Var[a’X] =a’ Cxa (22)
o Linear transformation: Given linear tranformation Cov[X, Y] =Cxy
Y=AX+b, =E[(X- E[X))(Y— E[Y)"]
E[Y] =AE[X] +b (23a) =EXY"] - EXIE(Y]" (25)
Cy=ACxAT (23b) Cyx =Cyy (26)
4.2 Bi-variate & Multivariate Normal Distribution
2
Joint Gaussian distribution of X; and X, with expectation p = [Ml and covariance matrix Cx = 71 palzag
K2 p0102 o
1 1 (1 —p)?  o—p2)?  2p00 — 1) (6 — o)

X1,Xp) = —————————exp| - + - 27
fX]Xz( 1 2) 27-[0—10—2 1_p2 Xp z(l_pz) U% U% 0107 ( )




Multivariate Gaussian distribution of X = (X1, Xs,..., Xy) T is given by

0 = exp{—% (x-p)" 5! (X—ﬂ)}» (28)

(27)V'* det [ Cx]
Properties:

o Random vector X is jointly Gaussian distributed, iff (if and only if) for all possible real vectors a = (ay,..., an)’
lincar combination Y =a”X is Gaussian,
Y ~N(@!p,a’ Cxa). (29)

o If X3,X5,..., XN, Xx ~N(0,1),1 <k < n are identically and independently distributed (IID) normal Gaussian
random variables, it is termed as normalized Gaussian random vector. Its joint PDF is given by

2 2 2
x1+x2+...+xN

1 1 x'x
Sx&) =fx, (1) fxy (2) -+~ fxy (X)) = IPEeYE] exp (— 2 ) = oz exp (—T) (30)

The covariance matrix of such vector is given by identity matrix of size N x N,Cx = I, and its expectation is
H=0nx1-

e Linear combination of independent Gaussian variables, X; ~ N (pi,a;‘.‘) is Gaussian
n n n
Y aiXi~N|Y aipi, Y (aio)?|. (31)
i=1 i=1 i=1

o Linear transformation — follows Eqgs. (23a).

 If jointly distributed Gaussian random variables are uncorrelated, they are also independent

Random Processes — General Properties

« PDF & CDF e Auto-covariance
Elx )= p() = x) (32a) Cultr, 1) = E [ {x(11) - BIx(m)]} {x(12) - EIx(2)1}
L) = %Fx(x; ) (32b) (36)
pxlxp; nl = p&x[n] = xi) (32¢) = Bx(tn, &) = EX()IEX(2)] (37)
Celm, m2) = E | {xlm] = Eix{m I} {x(nz] - Elx(na]1}]
o Average: (39)
Elx(1)] = foo X fx(x; dx (33a) = Rylny, na] — E [x[m1]] E [x[n2]] (39)
E[x[n]] =} xipx[xx; n] (33b)
i Cx(t, 1) = Var[x(1)] (40a)
o Variance: Ckln, n] = Var[x[n]] (40Db)
Var [x()] = E [Xz(t)] ~E*[x(n)] = ox(1 (34a) o Correlation Coefficient
Var [x[n]] = E |x%[n]| - E? [x[n]] = ox[n] (34b) Cx(t, I
[xtnl] = & [ 1| - B2 xin] PR N (i)
. VCx(t, 1) Cx(2, 1)
e Auto-correlation \px(tl; t2)| <1 (41b)
Rx(ty, ) = Ex(11)x(2)] (35a)
Rx(t, t+71) = ExX(D)x(t +1)] (35Db) o When x(#;) and x(#) are orthogonal, Rx(t1, t2) = 0.
Rx(t, 12) = Re(2, 11) (35¢) e When x(#1) and x(fp) are uncorrelated, Cx(ty, ) =
Ry(t, 1) = E[X*(1)] (35d) px(t1, 1) = 0.
Ry[ny, =FE
i, 2l [xtmIxin ] (35¢) e When x(#;) and x(p) are independent, Rx(t1, 1) =
Ry[n,n] = E [Xzim] (35f) Ex(0)]EIX(5)].



6 Wide-Sense Stationary (WSS) Process

Definition:
E[x(1)] = E[x(0)] = ux = const
Ry(t1, 1) = Rx(T = | — 1),
E[x[n]] = E[x[0]] = ux = const

Vi, b

Ry[ni, no] = Ry(k=|no—mn1l), Vni,n
e Auto-correlation
Ry(1) = EX()X(t +7)]
Rxlk] = E [x[n]x[n + k1]
Properties:
Ry (—=7) =R«(7)
Ry(0) =E[x(0) "] = E[[x(5)|*]
Var[x(t)] =Cx(0) = 02
Ry(0) = |Rx(7)]
e Auto-covariance
Cx(T) = Re(1) —
Culk] = Rylk] — pi2

¢ Correlation Coefficient

(1) = Ck(7)
N )
Gyl
pulkl = 21

6.1 Power Spectral Density (PSD)

Sx(F) =ZF {R(1)} = —c0< f<oo

- foo Rx(1)exp (—j2nFt)dt

—00

Ry(1) = F H{S(F)} =
:f Sx(f)exp(j2nFr)dF

Sx(f) = DTFT{Rg[kl} = Y Ry[kle 2"k

k=—c0
Properties:
Sx(F) = 8 (-F)
Sx(F)=0, VF
Sx(F) €R
Sx(f) = Sx(=f)
Sx(f)=0,Vf
Sx(f) eR
Sx(f)=Sx(f+1)

Average power

P =F [xz(t)] = R.(0) =f S (F)dF
1

P=E[X(nl| = R0l = | Sx(Pdf

|
[NT[= . N

(42a)
(42b)
(42¢)
(42d)

(46b)

6.2 White Noise & White Gaussian Noise
(WGN) Process

White noise process is SSS (WSS) process that is charac-
terized by

Rn(1) = 0%6(7) (50a)

Su(F)=0> VF (50b)
For WGN process, n(t) ~ N(0,02),

Rn(1) = %6(1) (51a)

Sal)= 0 VF (51b)

6.3 Relation Between Covariance Matrix
& Auto-covariance

Given WSS process x(f), the corresponding correlation
matrix of X = [x(f;),...,x(ty)]7 is given by

Rx=F [XXT] (52)

Rx(i, ) = B[ XiX; | = B (1t - 1)1) (53)

7 Cross-Signal
e Cross-correlation

Ryy(t1, 12) = EIX(1)y(t2)] (54)
o Cross-covariance
Cxy(t1, 12) = Rxy(t1, 12) — E[x(11)]Ely(£2)] (55)

¢ Correlation Coefficient

Cyy(ty, 1)
vV Cx(t1, 1) Cy(t2, 1)

pr(tl’ tZ) =

7.1 WSS Cross-signal

e x(1),y(t) are jointly WSS, if x(#) and y(f) each of
them is WSS and

Ryy(1) = EX(D)y(t + 7)] (57)

e When x(t) and y(¢+71) are uncorrelated jointly WSS,

Cry(1) =0.

Properties
Ryy(1) = Ryx(~1) (58a)
|Rey(0)] < /RO Ry 0) (58b)
|&Wﬂ<ﬂ&®+&@] (58¢)



e Cross-covariance

Cy(1) = Ry (1) — iy (59)

e Cross-PSD
Sxy() = F {Rey(@)} (60)

Properties
Sey(f) = Syx(= ) = Sty (~ ) (61)

8 LTI and WSS Random Process

Output of LTI system with impulse response h(t) and
random process x(t),

y(&) = x(t) * h(2) (64)
Average
my:mxf h(s)ds=mxH(f =0) (65)
Cross-correlation & cross-covariance:
Ryy (1) = Rx (1) * h (7) (66a)
Cxy (1) = Gk (7) * h(7) (66b)
Ryx (1) = Rx (1) * h (-T) (66¢)
Cyx (1) = Cx (1) * h(-7) (66d)
)
)

Ry (1) = Ry () * h (1) * h(-7) (66e
Cy (@) =Cx(1) * h(r) * h(-T) (

Power-Spectral Density (PSD) & Cross-PSD: Given
frequency response H(F) =% {h(1)}, H*(F) = F {h(-1)}

Sxy (F) = Sx(F) H(F) (67a)
Syx (F) = Sx (F) H* (F) (67b)
Sy (F) = Sx (F) H(F)H* (F) = S (f) |H(F)|? (67c)
Power of the process:

Py =Ry(0) = f Sx(F)dF (68a)
P, =Ry(0)= f Sx(F)|H(B)|* dF (68b)

_1/2
Py =Rx[0] = f Sx(f)df (68c)

-1/2

1/2
Py = Ry[0] = f S<(f)[H[Pdf (68d)

-1/2

Same process passes two different systems

Ry, (1) = Rx(T) * Iy (=) * ha (1) (69)
Syz(F) = Sx(F) Hy (F) Hy (F) (70)

Correlation coefficient

Cxy(7)

Pxy(T) = (62)
T Cy(0)
e Coherence
Sxy(f)
Yay(f) = ——— (63)
\/ Sx(f)Sy(f)
8.1 Z-Transform
Auto-correlation
B(2)
H(z) =% {h[nl} = e
_ B(®B(z™Y)
Z{h[n] = h[-n]} = ADAED
Sx(2) :g{Rx[n]}
PSD
Sxy(2) = Sx(2) H(2) (71a)
Syx(2) = Sx(2)H(z™") (71b)
Sy(2) = Sx(2)H(2) H(z ™) (71c)
Two different systems
Ryglk] = Rylk] % by [~ k]  ha[k] (72a)
Sy2(f) = Sx(N Hy (f) Ha(f) (72b)
Syz(2) = Sx(2) H1(1/2) H(2) (72¢)

8.2 (Gaussian Process

A Gaussian process x(f) a random process that for Vk >0

and for all times fy,..., 1, the set of random variable
x(t1),...,x(t) is jointly Gaussian (i.e. described by Eq.
(28)).

Properties:

e WSS Gaussian process is SSS.

e Gaussian process x(#) that passes through LTT sys-
tem, y(t) = h(t) *x(t), is also Gaussian process that
may be described by the change of expectation and
auto-correlation,

Ely(n)] = EIx()] f h(s)ds (73a)
= EX(OIH©), HF) =7 {h(n)}

Cy (1) = Cx (1) * h (1) * h(-7) (73b)

e The resulting autocorrelation may be used for pro-
ducing the correspondent covariance matrix Cy of a
multivariate Gaussian Y = [y(#1),...,y(tz)17



8.3 Linear Prediction

Given N samples of process x[n], and predictor

N
X[n+1]=) ax[n—i+1],

the values of a; are given by a solution of

Rx[0]
Rx[1]

Rx(1]
Rx[0]

Rx[l\}_ 1] RX[N—Z]

and the resulting minimum MSE is

i=1

RIN-11| | Rx[1]
R [IN-2]| | a2 Rx[2]
R [0] an Rx[N]

N
msemin = Rx[0] - )_ a; Ryli]
i=1

9 Different Supplementary Formulas

9.1 Derivatives

_xn — nxn—l

dx

d d
&P [f)] =exp[f(0)] ()

9.2 Integrals

9.2.1 Indefinite

1
fx"dx:
n+1

1
fexp(ax)dx = P exp(ax)

xn+1’ n7£ -1

fxexp(ax)dx = exp(ax)

a2
2 x* 2x 2
x“exp(ax)dx=exp(ax) | ——-— +—
a a
1 1 X
———dx=—tan ' =
fa2+x2 a a
9.2.2 Definite
* 2.2 VT
- dx=—
fo exp( a X) x=—
o0
2 2.2 Vv
- dx=—
-[0 X exp( ax ) x 4613

foo 0(x)dx=1

f fx)o(x—a)ydx = f(a)

9.3 Fourier Transform

9.3.1 Properties

n

d 7
() < (2 ) F ()

-0 FH(p)

flt—1o) Z E(f)e /2t

f(pelzht < )

9.3.2 Transform pairs

F 1 1
u(t) < E(W +6(f))
1
a+j2rnf
K 1

F
exp(—aru(t) <
F

— t —_—

texp(—afu(t) <= (a+j2nf)2
F 2a

exp(—alt]) = Py

T 2
exp(—atz) < \/gexp(— (ncj:) )

cos(27 f,1) Z %[6(f_fa)+6(f+fa)]

sin(27 fut) > zij[a(f—fa) 5+ fa)]

9.4 Convolution

x(t) * y(1) =[ f(s)gt—ys)ds

y
x(t)xy(t) = X(HH)Y(f)
o) *y)=y(t)

10
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(75)
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9.5 Trigonometry

9.6 Matrices

1 a b
sin’(q) = 5(1 cosZa) A= c dl’
1
cos?(@) = > (1 +cos(2a) ) det[A] = ad — bc
1 1 d -b
_ -1 _
cos(a) cos(p =3 [cos a+p)+cos(a— ﬁ)] =— 12 4
1
sin(a) sin(p =3 [cos ) —cos(a + ﬁ)]
1
sin(a) cos(f =3 [sm ) +sin((a+ ﬁ))]
10 Z-transforms
o0
X(@= Y xlklz*
k=—0c0
10.1 Usual Transforms
Signal Z transform ROC
6[nl 1 C
1
uln] = |z| >1
1
—ul-n-—1] =1 |zl <1
Sln—m] Zm C—{0} if m>0, C— {oo} if
m<0
auln] ! |z]| > a
1-az!
-aul-n-1] ! |zl < a
1-az!
10.2 Properties
Property Discrete Signal Z transform ROC
Linearity axinl+axxa[n] | a1 Xq(2) +ax X2 (z) includes R1 N R,
Time shift x[n— ngpl z7 M X (2) R
Frequency scaling z(’}x[n] X (i) |zo|R
2y
Time reversal x[—n] Xz ™H R1lifm<o
Convolution (x1 * x2)[n] X1(2)X5(2) Ry Ry (or possibly
more)
Time differentiation x[n] —x[n-1] 1-zHX(z) Rn{lz| >0}
” X
Accumulation Z x[k] (ZZI Rn{lz| > 1}
k=-c0 -z
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