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Random Processes — Formulas

1 Distributions

1.1 Continuous

Notation PDF CDF E[X] | Var[X]
1 0 r<a )
Uniform Ula,b] b—a aswsh r—a a<zr<b atb | (b—a)
0 otherwise b—a 2 12
1 b<zx
Normal N(u,o?) p|— (=)’ d(x) W o?
’ oV2m 202
Exponential | Exzp(\) Aexp (=Az),z =0 1 —exp(—Ax) 1/A 1/22
1.1.1 Q-function
Given Y ~ N(u,0?)
=) - (*") (12)
Q) = 1 - &(x) (1b)
Q(—z) =1-Q(x) (1c)
1.2 Discrete
Notation PMF CDF E[X] | Var[X]
1 =0 0 z<0
Bernoulli Ber(p) { b f : ) 1-p 0<z<1 P p(1—p)
b B 1 1<z
AF ko)
Poisson PN p(X =k) =exp (=) o exp (—A) = A A
. i=0 ?
(At)+! L™ |k k
Erlang | Erlang(k, \t) A =] exp (—At) 1 —exp(—At) ngo . X EE
2 Random Variables
Definitions:
Fx(z) =p(X <2) (2a)
oF
fxta) = X (20)
f Fx(p (2¢) px|zi] = p(X = z) (3a)
Fx(x)= Y, px[a] (3b)
pla < X <b) = Fx(b) — Fx(a) (2d) krn<




Expectation:

ElX]= {Sz—ocxx; )Eix])dx (4a)
Hlatol = {SZ LA (4b)

ElaX +b] =aE[z] + b (4c)

3 Two Random Variables

3.1 Joint Distributions

Definitions:
Fxy(z,y) =p(X <z,Y <y) (6a)
62ny($, y)
fxy(,y) = ——5== 2 >0 (6b)
T Y
Fxy(z,y) = f j fxv(s,p)dpds  (6c)
—o0 J—0

p[l‘j,yk] = p(X =uz;Y = Yr) (7a)
Fxy(z,y) =p(X <z;,Y <) (7b)
Expectation:
E[XY] = Jf 2y fxy (x,y)dzdy (8a)
_ ) oty fxy (z,y)dudy
Flo0) {Zi Seotovopeleoml )
ElaX +bY] =aE[X] + bE[Y] (8¢)
For independent random variables:
fxv(zy) = fx(@)fr(y) (9a)
pxy[zr,y;] = px[zelpy [y;] (9b)
Fxy(z,y) = Fx(x)Fy (y) (9¢)
E[XY] = E[X]E[Y] (9d)
Elg1(X)g2(Y)] = E[g1(X)]E[g2(Y)] (9¢)
Var[aX + bY] = a® Var[X] + b* Var[Y]  (9f)

Marginal distribution:

0= reredy (108)
px[ka] = pry[ﬂﬂk,yj] (10Db)
Fx(l‘ = ny(I,OC (100)
Fy(y = ny(OO,y (10d)

Variance:
Var[X] =E[(X — E[X])?]
—E[X?] - E*[X] (5a)
Var[aX + b] =a? Var[X] (5b)
Var[b] =0 (5¢)

2.1 Simulation

Given CDF of the required random variable, Fx(z), it
may be generated from Z ~ U(0,1) by X = Fy'(Z).
Example: Given X ~U[0,1], Y =a+ (b—a)X ~ Ula,b]

3.2 Conditional Relations

Conditional distribution (Bayes),
for fx(z), fv (y), px[zx], py [yx] > 0:

fyix(Wlz)fx () = fxjy (@y) fy () = fxv(z,y)
(11a)
pyixlyslzelpx[zr] = pxy [zxlyilpy [y;] = pxv [z, y5]
(11b)
Fyx(ylz) =p(Y <y|X =2) (11c)
[ Aol (1)
Fostlad - 2 S (11e)
Conditional expectation & Variance:
_ Y ufyvix(yle)dy .
FIYiA {Ej yiplsla) (120)

E[X] =E[E[X|Y]]= j j yfy x (l2) fx (2)dzdy

(12b)
Var[Y|X] =FE[Y?|X] — E*[Y|X] (12c)
Var[Y] = Var| E[Y | X]|+E[ Var[Y|X]] (12d)

3.3 Correlation, Covariance & Correla-
tion Coefficient

e For two jointly-distributed random variables X and
Y, covariance is given by

Cov[X,Y] E[(XfE[XD(
=E[XY] - E[X]E[Y].

E[Y])]
(13)



Main covariance properties are:

Cov[X, X] = Var[X] (14a)
Cov[X,Y] = Cov[Y, X] (14b)
Cov[X,a] =0 (14c)
Cov[aX,bY] = abCov[X,Y] (14d)
Cov[X,Y] = Cov[X + a,Y + ] (14e)

Var[X + Y] = Var[X] + Var[Y] + 2 Cov[X, Y]
(14f)

|E[XY]| < /E[X?]|E[Y?] Cauchy-Schwatz

(14g)

e Correlation coefficient (also termed as Pearson
product-moment correlation coefficient) is given by

Cov[X,Y]
Var[X ] Var[Y]

pxy = (15)

such that |pxy| < 1.

3.4 MMSE Linear Prediction
Mean square error (MSE) of predictor Y is given by

mse = E[(Y —Y)?] (16)

Linear prediction of Y = az + b for X = z is

Cov[X,Y]

Y=E[Y]+VTLX]

(z — E[X]) (17)

and

msemin = F [(Y — (aX + b))2] = Var(Y)(1 — p%ky)
(18)
When X,Y are jointly Gaussian, this prediction is
optimal among all possible predictors

3.5 Relations
e When X and Y are orthogonal, E[XY] = 0.

e When X and Y are uncorrelated, Cov[X,Y] =
pxy = 0.

e When X and Y are independent, they are also un-
correlated (see also Egs. 9).

e When X and Y are jointly Gaussian and uncorre-
lated = X and Y are independent.

e Joint= marginal, marginal = joint

4 Multi-dimensional Random Variables

4.1 Covariance matrix

Given random vector X = (X1, Xo,..., Xn)T,

Cx =Cov[X,X] = E[(X — E[X])(X — E[X])T]

—E[XX"] - E[X]E[X]T

Var[ X1 ] Cov[ X1, X5] Cov[X1, Xn]
COV[XQ,Xl] Var[XQ] COV[XQ,XN]
— . . (19)
COV[XN,Xl] COV[XN,XQ] Var[XN]

Properties:
e Symmetry

CX = C§ COV[XZ',XJ'] = COV[X]‘7X¢] (20)

e Variance of linear combination: Given vector a =
T
((7,170,2,...70,1\[) 3

Var[a’ X] = a’ Cxa (21)

e Linear transformation: Given linear tranformation
Y = AX + b,
E[Y]=AE[X]+b
Cy = ACxAT

(22a)
(22b)

e Uncorrelated variables

Cx = diag[Var[X1], Var[X2], ..., Var[Xn]] (23)

e Cross-covariance: For two random vectors X € R™
and Y € R™, the resulting m x n cross-covariance
matrix is given by

Cov[X,Y] =Cxy
—B[(X - E[X])(Y - E[Y])"]

—E[XY"] - E[X]E[Y]Y (24)

Cyx =Cxy (25)

4.2 Decorrelation

Given random vector X with covariance matrix Cx, and
linear transformation Y = VTX, where V is eigenvectors
matrix of Cx, the resulting covariance matrix Cy is of the
form Cy = diag[A1,...,An], where \; are eigenvalues of
Cx.



4.3 Bi-variate & Multivariate Normal Distribution

2
Joint Gaussian distribution of X; and X5 with expectation p = [Zl] and covariance matrix Cx = [pc(rjla 0?20 2]
2 102 2

is

1
[xix,(v1,22) = 1_p26XP<—2(

2 2
27’(’0’102 1-— 2 1 g5 0102

1 - [m ;MP (w2 —p2)? 2p(ay — o) (s — W)D (26)

Multivariate Gaussian distribution of X = (X7, Xo,..., Xn)7T is given by

) G o {3 R e 27
Properties:
e Random vector X is jointly Gaussian distributed, iff (if and only if) for all possible real vectors a = (a1, ..., a,)"
linear combination Y = a”X is Gaussian,
Y ~ N(a’'p,a’Cxa). (28)

o If Xy, Xo,..., XN, X ~ N(0,1),1 < k < n are identically and independently distributed (IID) normal Gaussian
random variables, it is termed as normalized Gaussian random vector. Its joint PDF is given by

2 2 2 T
o) =L o) s 0) - Feg o) = i onw (LRI e (X5 )

The covariance matrix of such vector is given by identity matrix of size N x N,Cx = I,, and its expectation is
n=0nx1.

e Linear combination of independent Gaussian variables, X; ~ N(u;,0?) is Gaussian

Z a;X; ~ N (Z aifb;, Z(aioi)2> ) (30)

e Linear transformation — follows Eqs. (22a).

o If jointly distributed Gaussian random variables are uncorrelated, they are also independent

5 Random Processes — General Properties

e PDF & CDF e Auto-correlation
i) =pielt) <) (312) R(tr.t2) = Elx(t2)x(ts)] (34a)
xlast) = = F(x31) (31b) (t t+7) = E[x(t)x(t+7)] (34b)
pxlrr;n] = p(x[n] = x) (31c) Ry (t1,t2) = Rx(t2,t1) (34c)
Ry(t,t) = B[x*(t)] (34d)
e Average: Rx[n1,n2] = E[x[n1]x[n2]] (34e)
E[x(t)] = JOO xfx(z; t)dx (32a)
—® e Auto-covariance
n]| = Z:cmx[xk; n] (32b)
' Cx(tlv t2) = Rx(tlv t2) - E[X(tl)]E[X(tQ)]
e Variance: = E[{x(t1) — E[x(t1)]} {x(t2) — E[x(t2)]}] (35)
Varlx(t)] = ERC(0)] - B2[x()]  (33a)
Var[x[n]] = E[x*[n]] — E*[x[n]] (33b) Cx(t,t) = Var[x(t)] (36)



o Correlation Coefficient e When x(t1) and x(t2) are uncorrelated, Cx(t1,t2) =
Cy(ty,t px(t1,t2) = 0.
px(t1,ta) = (t1, t2) (37a)
v/ Cx(t1,t1)Cx(t2, t2)
lpx(t1,t2)] < 1 (37b) _
e When x(t1) and x(t2) are independent, Ry(t1,t2) =
e When x(¢1) and x(t2) are orthogonal, Rx(t1,t2) = 0. E[x(t1)]E[x(t2)]-

6 Wide-Sense Stationary (WSS) Process

Definition: Deterministic definition (x[n],z(t) not random)
E[x(t)] = E[x(0)] = px = const (38a) Ra(r) = z(;) * 2 (=7) (41a)
Rx(t1,t2) = Rx(T = |t2 = ta]), Vi1, 12 (38D) = J. z(s)z(z + 7)ds
E[x[n]] = E[x[0]] = ux = const (38¢) -

Ryx[n1,n2] = Rx(k = |na — nql), VYni,na (38d) Ralk] = x[i] # 2] —k] (41b)

e Auto-correlation = e z[nlz[n + k]

Ry (1) = E[x(t)x(t + 7)] (39a) o Auto-covariance
Rx[k] = E[x[n]x(n + k)] (39b) Co(7) = Ry (1) — pi2 (42a)
Properties: Cx[k] = Re[k] — i3 (42D)
Ru(—7) =Ru(7) (402) e Correlation Coeflicient
Ry (0) =E[x(0)]*] = E[x()"]  (40D) pel(r) = ggoi (43)
Var[x(t)] =Cx(0) = o2 (40c) Cx[k]
Ry (0) = |Rx(7)| (40d) px[k] = 0] (43b)
6.1 Linear Prediction
Given N samples of process x[n], and predictor
N
X[n+1] =) aix[n—i +1], (44)
i=1
the values of a; are given by a solution of
Ry[0] Ry[1] o Ry[N=1]] [ Ry[1]
Ry[1] Ry[0] <+ R[N =2]| | a2 Ry[2]
: : . : T : (45)
RN —1] RuN—-2] --- Re0] ||an| |RuN]
and the resulting minimum MSE is
N
msSemin = Rx[0] — Z a; Ry 7] (46)
i=1



6.2 Power Spectral Density (PSD)

Sx(f) = F{Rx(7)} = —0o< f<w
= J,‘ Ry (1) exp (—j2m fr)dr (47a)
=2 JOO Ry (7) cos (2nf7) dr (47b)
0
Ry (1) = FH {Sx(f)} =
~ | sdnessznin i (47¢)
(47d)
Properties:
Sx(f) = Sx(=f) (48a)
Sx(f) =0, Vf (48b)
Sx(f) € R (real numbers) (48c¢)
(48d)
Average power
Pe= B0 = B0) = [ S 49)
Deterministic definition:
S:(f) = X(HX*(f) = X (NI’ (50)

6.3 White Noise & White Gaussian Noise
(WGN) Process

White noise process is SSS (WSS) process that is charac-
terized by

Ry (1) = 025(7) (51a)
Sa(f) =0 Vf (51b)
For WGN process, n(t) ~ N(0,0?),
Ru(r) = %5(7) (52a)
No
Sulf)=— Vf (52b)

6.4 Relation Between Covariance Matrix
& Auto-covariance

Given WSS process x(t), the corresponding correlation
matrix of X = [x(t1),...,x(tx)]7 is given by
Rx = E[XX"]
Rx(i,j) = E[XiX;] = Rx (|t;

(53)

— ) (54)

7 Cross-Signal
e Cross-correlation

Ry (t1,t2) = E[x(t1)y(t2)] (55)

e Cross-covariance
Cxy(t1,t2) = Rxy(t1,t2) — E[x(t1)]E[y(t2)] (56)

e Correlation Coefficient

CX (t17t2)
oy (t1,t2) = 24
Pt ta) = e 00C, (o ta)

(57)

7.1 WSS Cross-signal

e x(t),y(t) are jointly WSS, if x(¢) and y(t) each of
them is WSS and
Ryy(7) = E[x(t)y(t + 7)] (58)

e When x(t) and y(t+7) are uncorrelated jointly WSS,

Cy (7) = 0.
Properties
Ry (7) = Byx(—7) (59%)
Ry ()] < /R0 Ry 0) (59b)
Ry ()] < 5 [Rx(0) + Ry(0)]  (59€)
Deterministic definition
Rey(r) = () + y(-7) (60)
e Cross-covariance
Oy (7) = By (r) ~ pxsy (61)
e Cross-PSD
Suy() = F { Ry (7)) (62)
Properties
Sxy() = Syul—) =SB, (=)  (63)
Deterministic definition
Seul1) = XUY*(F) (64)
e Coherence
= e )



8 LTI and WSS Random Process

Output of LTI system with impulse response h(t) and
random process z(t),

y(t) = a(t) « h(1) (66)
Average

My = My J h(s)ds = mxH(f = 0) (67)

Cross-correlation & cross-covariance:

Ryy (1) = Rx (1) * h (1) (68a)

Cxy (1) = Cx (1) % h (T) (68Db)

Ryx (T) = Rx (1) % h (—7) (68c)

Cyx (1) = Cx (T) s h (—T (68d)

Ry (1) = Rx (7) % h () x h (—7) (63e)

Cy (1) = Cx (1) * h(7) * h (—T) (68f)

Power-Spectral Density (PSD) & Cross-PSD: Given
frequency response H(f) = F {h(7)}, H*(f) =

= F{h(-7)}
Sxy (f) = Sx (f) H(f) (69a)
Syx (f) = Sx (f) H*(f) (69b)
Sy (£) = Sx (f) HIH*(f) = Sx (/) [H())[*  (69¢)
Power of the process:
P=R0) = [ Se(n)ar (708)
Py =Ry (0) = [ Sx(f)IH(f)I"df (70b)
8.1 SNR
Given input signal
x(t) = s(t) + n(t), (71)
9 Poisson Process
e The Poisson process, N (t), is described by
k
p(N(t) = &) = exp(—At) (A;) k=0,1,... (T5a)
p(N(0) = 0) =0 (75b)
E[N(t)] = Xt (75¢)
Var[N(t)] = Mt (75d)
k
p(N(t) <k) = Y p(N(t) = k) (75¢)
i=0

e Independent & stationary increments:

where s(t),n(t) are independent and E[n(t)] = 0, the
PSD of output y(¢) is given by
Sy(f) = S (NIH)I’
= S (N [H()IP + Sa (N [H) (72)
where Ss (f)|H(f)]> is signal output PSD and
Sn (f)1H(f)|? is noise PSD.
The input and output SNRs is given by
_E[S(0)] _ Re(0) _ 17, Ss(N)df
N~ B~ R g
o 2
e, — Lo SO .

o Sa(f) [H ()P df

8.2 Gaussian Process

A Gaussian process x(t) a random process that for Vk > 0
and for all times ty,...,tx, the set of random variable
x(t1),...,x(tx) is jointly Gaussian (i.e. described by Eq.
(27)).

Properties:
e WSS Gaussian process is SSS.

e Gaussian process x(t) that passes through LTT sys-
tem, y(¢) = h(t) *x(t), is also Gaussian process that
may be described by the change of expectation and
auto-correlation,

EBUH:EB@]Jh®% (74a)
— Bx(OJH(©), H(f) = F (h(1)}
Cy (7) = Cye (7) % h(7) # b (=7) (74D)

e The resulting autocorrelation may be used for pro-
ducing the correspondent covariance matrix Cy of
a multivariate Gaussian Y = [y (t1),...,y(t~)]"

For any t4 > t3 >ts >t; and random variables

Iy, I> defined by
I =

(a) I and I are independent
(b) to —t; = t4 — t3 = Iy, I has the same distri-
bution (stationary property)

e Time increment property

p(N(ts) = N(t1) = k) = p(N(ta —t1) = k) (77)

10



e Joint PMF (t5 > t;)

e Conditional probability

P(N(t1) = i|N(t2) = j) =

e Special properties:

* Given sum of two independent distributions
X~ P(A)and Y ~ P(A2), the resulting distri-
bution is given by X +Y ~ P(A1 + A2).

— Sub-group of Poisson process is Poisson pro-
cess.

— Sum of two Poisson processes A1 and A is Pois-
son process A1 + Ao (but not a subtraction).

e Erlang: If X; ~ Fxp(\) is time difference between

events, then

k
Ty = > X; ~ Erlang(k, \) (80a)

i=1
E[T},] = ; (80D)
Var[Ty] = )\ﬁ (80c)

9.1 Campbell Theorem

Given
[oe]

Z (t —Ty) (81)

and casual system impulse response, h(t), the resulting
process is given by

o(t) = i Ty (2)

and the resulting statistics is given by

t

Ey(t)] =A J h(s)ds (83a)
0

Var[y(t)] =X J h?(s)ds (83b)
0

11



10 Different Supplementary Formulas

10.1 Derivatives

d n __ n—1
%‘T = NI
L exp[£(@)] = exp [£(@)] = f(2)
dxexp z)] =exp[f(x I T
10.2 Integrals
10.2.1 Indefinite
Jn 1 n+1
z"dr = " n # -1
n+1

Jexp(am)dz = éexp(ax)

fxexp (ax)dz = exp(ax) [ — ]

Jg [2 2z
z“ exp(ax)dx = exp(az) | — — — + —

1 1 T
fﬁdx = tan ' =
a* +x a a

LOO exp(—a?z?)dx = \2/—3

LOO 22 exp(—a’x?)dx = 4%?3
JOO 0(z)dx =1

[ s@ite - ayte = fia)

10.3 Fourier Transform

10.3.1 Properties

ST0) <o (j2n ) E ()

F

f(=t) < F*(f)
F(t—to) <Zs F(f)e 72w/t

F)e> ot s B(f = fo)

10.3.2 Transform pairs

ut) < 1 (]if +6(f))

Z 1
exp(—at)u(t) < ot anf

texp(—at)u(t) Z, m

2a
a? + 4n? f2

cos(2m f, t) <= z 1[ 6(f = fa) +0(f + fa)]
[ (f = fa) = 8(f + fa)]

exp(—alt]) Z

sin(2m ft) <= Z

10.4 Trigonometry

sin?(a) = % (1 — cos(2a))

cos(a) — % (1 + cos(2))
cos(ax)cos () = 3 [cos(a + ) + cos(or — )]
sin(a) sin(B) = % [cos(a — B) — cos(a + )]
sina) cos(5) =  [sin(a — §) + sin ((a + 7))

10.5 Matrices

_|a b _ )\1 0
A[c d]’ A[o )\2]

det[A] = ad — be
1 d —b
A=
ad — bc [—C a ]

10.5.1 Eigenvalues/vectors

AV = AV

det[A — AV] =

12



