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נק’) 30) רב-ממדים משתנים 1

נגדיר !X1, X2 בין תלות אי להניח ניתן לא .X1 „ N(m,σ2), X2 „ N(m,σ2) אקראיים משתנים נתונים

חדשים: משתנים

V = X1 cos(θ) +X2 sin(θ)(1)

W = ´X1 sin (θ) +X2 cos (θ)(2)

תלויים. בלתי V,W משתנים עבורו ,´π ď θ ď π של ערך מצא (א)

להניח ניתן זה בסעיף הזה? הפלוג של הפרמטרים ומה ,V,W משתנים של של המשותף הפילוג מה כפול!) (סעיף (ב)

.Cov[X1, X2] = b

נק’) 30) (656 בעמוד דוגמה Kay (מתוך סטציואנריות 2

.1 ושונות 0 תוחלת בעל אקראי משתנה Aהינו כאשר ,x[n] = A, y[n] = (´1)nA אקראיים תהליכים זוג נתונים

?WSSהוכח/נמק! הינו x[n] תהליך האם (א)

?WSSהוכח/נמק! הינו y[n] תהליך האם (ב)

הוכח/נמק! במשותף? WSS הינם x[n], y[n] תהליכים האם (ג)

נק’) 20) (634 עמוד ,18.22 Kay על (מתבסס לינארי חיזוי 3

.σ2
w = 1 בעל גאוסי לבן רעש הינו w[n] כאשר ,x[n] = ax[n ´ 1] + w[n] אקראי תהליך נתון

ע”י נתונה התהליך של אוטו-קרלציה שפונקציית ,(17.5 Example Kay, (ע”פ ידוע

(3) Rx[k] =
1

1 ´ a2
a|k|

.x̂[n+ 1] = b1x[n] + b2x[n ´ 1] מהצורה התהליך עבור לינארי חיזוי לעשות נדרש

חשב המתקבלת. התוצאה את ונמק (MMSE), מינימלית ריבועית שגיאה במובן b1, b2 של אופטימליים ערכים מצא

המתקבלת. חיזוי שגיאת את

נק’) 20) (21.13 Kay, (מתוך Poisson 4

לדקה. 1 הוא ממוצע מוניות הגעת קצב

מסויימת? בדקה מוניות מ-2 ליותר הסיכוי מהו (א)

דק’? 10 במשך למונית המתנה אחרי מדקה, פחות למונית לחכות הסיכוי מהו (ב)
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Random Processes – Formulas

1 Random Variables

1.1 Distributions

Notation PDF/PMF CDF ErXs VarrXs

Bernoulli Ber(p)

#

1´ p k “ 0

p k “ 1

$

’

&

’

%

0 x ă 0

1´ p 0 ď x ă 1

1 1 ď x

p pp1´ pq

Uniform U[a,b]
1

b´ a
, a ď x ď b

$

’

’

&

’

’

%

0 x ă a
x´ a

b´ a
a ď x ď b

1 b ă x

a` b

2

pb´ aq2

12

Normal Npµ, σ2q
1

σ
?

2π
exp

«

´
px´ µq

2

2σ2

ff

Φpxq µ σ2

Exponential Exppλq λ exp p´λxq , x ě 0 1´ exp p´λxq 1{λ 1{λ2

Poisson Ppλq ppX “ kq “ exp p´λq
λk

k!
exp p´λq

k
ř

i“0

λi

i!
λ λ

Erlang Erlangpk, λtq λ
pλtqk´1

pk ´ 1q!
exp p´λtq 1´ exp p´λtq

k´1
ř

n“0

pλtqn

n!

k

λt

k

pλtq2

1.2 Properties

Definitions:

FXpxq “ ppX ď xq (1a)

fXpxq “
BFXpxq

Bx
(1b)

FXpxq “

ż x

´8

fXppq dp (1c)

ppa ă X ď bq “ FXpbq ´ FXpaq (1d)

pX rxks “ ppX “ xkq (2a)

FXpxq “
ÿ

k:xkďx

pX rxks (2b)

Expectation:

ErXs “

#

ş8

´8
xfXpxqdx

ř

i xipxrxis
(3a)

ErgpXqs “

#

ş8

´8
gpxqfXpxqdx

ř

i gpxiqpxrxis
(3b)

EraX ` bs “aErxs ` b (3c)

Variance:

VarrXs “ErpX ´ ErXsq2s

“ErX2s ´ E2rXs (4a)

VarraX ` bs “a2 VarrXs (4b)

2 Two Random Variables

2.1 Joint Distributions

Definitions:

FXY px, yq “ ppX ď x, Y ď yq (5a)

fXY px, yq “
B2FXY px, yq

BxBy
ě 0 (5b)

FXY px, yq “

ż x

´8

ż y

´8

fXY ps, pq dp ds (5c)

prxj , yks “ ppX “ xj , Y “ ykq (6a)

FXY px, yq “ ppX ď xj , Y ď ykq (6b)
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Conditional distribution (Bayes)
pfXpxq, fY pyq, pX rxks, pY ryks ą 0q:

fY |Xpy|xqfXpxq “ fX|Y px|yqfY pxq “ fXY px, yq (7a)

pY |X ryj |xkspX rxks “ pX|Y rxk|yjspY ryjs “ pXY rxk, yjs

(7b)

FY |Xpy|xq “ ppY ď y|X “ xq “

ż y

´8

fY |Xps|xqds

(7c)

FY |X ry|xks “
prY ď yj , X “ xks

pX rxks
(7d)

Expectation:

ErXY s “

ĳ

xyfXY px, yqdxdy (8a)

ErgpXqs “

#

ť

gpx, yqfXY px, yqdxdy
ř

i

ř

k gpxi, ykqpxrxi, yks
(8b)

EraX ` bY s “aErXs ` bErY s (8c)

Conditional expectation & Variance:

ErY |Xs “

#

ş

yfY |Xpy|xqdy
ř

j yjpryj |xks
(9a)

ErXs “ErErX|Y ss “

ĳ

yfY |Xpy|xqfXpxqdxdy

(9b)

VarrY |Xs “ErY 2|Xs ´ E2rY |Xs (9c)

VarrY s “VarrErY |Xss ` ErVarrY |Xss (9d)

Independent random variables:

fXY px, yq “ fXpxqfY pyq (10a)

pXY rxk, yjs “ pX rxkspY ryjs (10b)

FXY px, yq “ FXpxqFY pyq (10c)

ErXY s “ ErXsErY s (10d)

Erg1pXqg2pY qs “ Erg1pXqsErg2pY qs (10e)

VarraX ` bY s “ a2 VarrXs ` b2 VarrY s (10f)

Marginal distribution:

fXpxq “

ż 8

´8

fXY px, yqdy (11a)

pX rxks “
ÿ

j

pXY rxk, yjs (11b)

FXpxq “ FXY px,8q (11c)

FY pyq “ FXY p8, yq (11d)

2.2 Correlation, Covariance & Correla-
tion Coefficient

• For two jointly-distributed random variables X and
Y , covariance is given by

CovrX,Y s “ErpX ´ ErXsqpY ´ ErY sqs

“ErXY s ´ ErXsErY s. (12)

Main covariance properties are:

CovrX,Xs “ V arrXs (13a)

CovrX,Y s “ CovrY,Xs (13b)

CovrX, as “ 0 (13c)

CovraX, bY s “ abCovrX,Y s (13d)

CovrX,Y s “ CovrX ` a, Y ` bs (13e)

VarrX ` Y s “ VarrXs `VarrY s ` 2 CovrX,Y s
(13f)

• Correlation coefficient (also termed as Pearson
product-moment correlation coefficient) is given by

ρXY “
CovrX,Y s

a

VarrXsVarrY s
(14)

such that |ρXY | ď 1.

2.3 Relations

• When X and Y are orthogonal, ErXY s “ 0.

• When X and Y are uncorrelated, CovrX,Y s “
ρXY “ 0.

• When X and Y are independent, they are also un-
correlated (see also Eqs. 10).

• When X and Y are jointly Gaussian and uncorre-
lated ñ X and Y are independent.

• Jointñ marginal, marginal œ joint

3 Random Processes – General Properties

• PDF & CDF

Fxpx; tq “ ppxptq ď xq (15a)

fxpx; tq “
B

Bx
Fxpx; tq (15b)

• Average:

Erxptqs “

ż 8

´8

xfxpx; tqdx (16a)

Erxrnss “

ż 8

´8

xfxpx;nqdx (16b)
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• Variance:

V arrxptqs “ Erx2ptqs ´ E2rxptqs (17a)

V arrxrnss “ Erx2rnss ´ E2rxrnss (17b)

• Auto-correlation

Rxpt1, t2q “ Erxpt1qxpt2qs (18a)

Rxpt, t` τq “ Erxptqxpt` τqs (18b)

Rxpt1, t2q “ Rxpt2, t1q (18c)

Rxpt, tq “ Erx2ptqs (18d)

Rxrn1, n2s “ Erxrn1sxrn2ss (18e)

• Auto-covariance

Cxpt1, t2q “ Rxpt1, t2q ´ Erxpt1qsErxpt2qs

“ Ertxpt1q ´ Erxpt1qsu txpt2q ´ Erxpt2qsus (19)

Cxpt, tq “ V arrxptqs (20)

• Correlation Coefficient

ρxpt1, t2q “
Cxpt1, t2q

a

Cxpt1, t1qCxpt2, t2q
(21a)

|ρxpt1, t2q| ď 1 (21b)

• When xpt1q and xpt2q are orthogonal, Rxpt1, t2q “
0.

• When xpt1q and xpt2q are uncorrelated, Cxpt1, t2q “
ρxpt1, t2q “ 0.

• When xpt1q and xpt2q are independent, Rxpt1, t2q “
Erxpt1qsErxpt2qs.

4 Wide-Sense Stationary (WSS) Process

Definition:

Erxptqs “ Erxp0qs “ µx “ const (22a)

Rxpt1, t2q “ Rxpτ “ |t2 ´ t1|q, @t1, t2 (22b)

Erxrnss “ Erxr0ss “ µx “ const (22c)

Rxrn1, n2s “ Rxpk “ |n2 ´ n1|q, @n1, n2 (22d)

• Auto-correlation

Rxpτq “ Erxptqxpt` τqs (23a)

Rxrks “ Erxrnsxpn` kqs (23b)

Properties:

Rxp´τq “Rxpτq (24a)

Rxp0q “Er|xp0q|
2
s “ Er|xptq|

2
s (24b)

V arrxptqs “Cxp0q “ σ2
x (24c)

|Rxp0q| ěRxpτq (24d)

Deterministic definition (xrns is not random)

Rxpτq “ xpτq ˚ xp´τq (25a)

Rxrks “ xrks ˚ xr´ks (25b)

• Auto-covariance

Cxpτq “ Rxpτq ´ µ
2
x (26a)

Cxrks “ Rxrks ´ µ
2
x (26b)

• Correlation Coefficient

ρxpτq “
Cxpτq

Cxp0q
(27a)

ρxrks “
Cxrks

Cxr0s
(27b)

• Power spectral density (PSD)

Sxpfq “ F tRxpτqu “

“

ż 8

´8

Rxpτq exp pj2πfτq dτ (28a)

“ 2

ż 8

0

Rxpτq cos p2πfτq dτ (28b)

Pxpfq “ F tRxrksu “ ´1{2 ď f ď 1{2

“

8
ÿ

k“´8

Rxrks exp p´j2πfkq (28c)

“ 2
8
ÿ

k“0

Rxrks cos p´2πfkq (28d)

Properties:

Sxpfq “ Sxp´fq (29a)

Sxpfq ě 0, @f (29b)

Sxpfq P R (real numbers) (29c)

Pxpfq “ Pxp´fq (29d)

Pxpfq ě 0, @f (29e)

Pxpfq P R (real numbers) (29f)

Pxpfq “ Pxpf ` 1q (29g)

Average power

Px “ Erx2ptqs “ Rxp0q “

ż 8

´8

Sxpfqdf (30a)

“ Erx2rnss “ Rxr0s “

ż 1{2

´1{2

Pxpfqdf (30b)

Deterministic definition:

Sxpfq “ XpfqX˚pfq “ |Xpfq|
2

(31)
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4.1 White Noise & White Gaussian Noise
(WGN) Process

White noise process is SSS (WSS) process that is charac-
terized by

Rnpτq “ σ2δpτq (32a)

Rnrks “ σ2δrks (32b)

Snpfq “ σ2 @f (32c)

For WGN process, nptq „ Np0, σ2q,

Rnpτq “
N0

2
δpτq (33a)

Snpfq “
N0

2
@f (33b)

5 Cross-Signal

• Cross-correlation

Rxypt1, t2q “ Erxpt1qypt2qs (34)

• Cross-covariance

Cxypt1, t2q “ Rxypt1, t2q ´ Erxpt1qsErypt2qs (35)

• Correlation Coefficient

ρxypt1, t2q “
Cxypt1, t2q

a

Cxypt1, t1qCxypt2, t2q
(36)

5.1 WSS Cross-signal

• xptq,yptq are jointly WSS, if xptq and yptq each of
them is WSS and

Rxypτq “ Erxptqypt` τqs (37)

• When xptq and ypt ` τq are uncorrelated jointly
WSS, Cxypτq “ 0.

Properties

Rxypτq “ Ryxp´τq (38a)

|Rxypτq| ď
b

Rxp0qRyp0q (38b)

|Rxypτq| ď
1

2
rRxp0q `Ryp0qs (38c)

Deterministic definition

Rxypτq “ xpτq ˚ yp´τq (39)

• Cross-covariance

Cxypτq “ Rxypτq ´ µxµy (40)

• Cross-PSD

Sxypfq “ F tRxypτqu (41)

Properties

Sxypfq “ Syxp´fq “ S˚xyp´fq (42)

Deterministic definition

Sxypfq “ XpfqY ˚pfq (43)

• Coherence

γxypfq “
Sxypfq

a

SxpfqSypfq
(44)

6 LTI and WSS Random Process

Output of LTI system with impulse response hptq and
random process xptq,

yptq “ xptq ˚ hptq (45)

Average

my “ mx

8
ż

´8

hpsqds “ mxHpf “ 0q (46)

Cross-correlation & cross-covariance:

Rxy pτq “ Rx pτq ˚ h pτq (47a)

Cxy pτq “ Cx pτq ˚ h pτq (47b)

Ryx pτq “ Rx pτq ˚ h p´τq (47c)

Cyx pτq “ Cx pτq ˚ h p´τq (47d)

Ry pτq “ Rx pτq ˚ h pτq ˚ h p´τq (47e)

Cy pτq “ Cx pτq ˚ h pτq ˚ h p´τq (47f)

Power-Spectral Density (PSD) & Cross-PSD: Given
frequency responseHpfq “ F thpτqu , H˚pfq “ F thp´τqu

Sxy pfq “ Sx pfqHpfq (48a)

Syx pfq “ Sx pfqH
˚pfq (48b)

Sy pfq “ Sx pfqHpfqH
˚pfq “ Sx pfq |Hpfq|

2
(48c)

Power of the process:

Px “ Rxp0q “

8
ż

´8

Sx pfq df (49a)

Py “ Ry p0q “

8
ż

´8

Sx pfq |Hpfq|2df (49b)
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6.1 SNR

Given input signal

xptq “ sptq ` nptq, (50)

where sptq,nptq are independent and Ernptqs “ 0, the
PSD of output yptq is given by

Sypfq “ Sx pfq |Hpfq|
2

“ Ss pfq |Hpfq|
2
` Sn pfq |Hpfq|

2
, (51)

where Ss pfq |Hpfq|
2

is signal output PSD and

Sn pfq |Hpfq|
2

is noise PSD.
The input and output SNRs is given by

SNRx “
Ers2ptqs

Ern2ptqs
“
Rsp0q

Rnp0q
“

ş8

´8
Sspfqdf

ş8

´8
Snpfqdf

(52a)

SNRy “

ş8

´8
Sspf |Hpfq|

2
df

ş8

´8
Snpfq |Hpfq|

2
df
. (52b)

7 Multi-dimensional processes

7.1 Covariance matrix

Given random vector X “ pX1, X2, . . . , XN q
T ,

CX “CovrX,Xs “ ErpX´ ErXsqpX´ ErXsqT s

“ErXXT
s ´ ErXsErXsT

“

»

—

—

—

–

VarrX1s CovrX1, X2s ¨ ¨ ¨ CovrX1, XN s

CovrX2, X1s VarrX2s ¨ ¨ ¨ CovrX2, XN s

...
...

. . .
...

CovrXN , X1s CovrXN , X2s ¨ ¨ ¨ VarrXN s

fi

ffi

ffi

ffi

fl

(53)

Properties:

• Symmetry

CX “ CTX CovrXi, Xjs “ CovrXj , Xis (54)

• Variance of linear combination: Given vector a “
pa1, a2, . . . , aN q

T ,

VarraTXs “ aTCXa (55)

• Linear transformation: Given linear tranformation
Y “ AX` b,

ErYs “ AErXs ` b (56a)

CY “ ACXAT (56b)

• Uncorrelated variables

CX “ diag rVarrX1s,VarrX2s, . . . ,VarrXN ss (57)

• Cross-covariance: For two random vectors X P Rm
and Y P Rn, the resulting m ˆ n cross-covariance
matrix is given by

CovrX,Ys “CXY

“ErpX´ ErXsqpY ´ ErYsqT s

“ErXYT
s ´ ErXsErYsT (58)

CYX “CTXY (59)

7.2 Relation Between Covariance Matrix
& Auto-covariance

Given WSS process xptq, the corresponding correlation
matrix of X “ rxpt1q, . . . ,xptN qs

T is given by

RX “ E
“

XXT
‰

(60)

RXpi, jq “ E rXiXjs “ Rx p|ti ´ tj |q (61)

7.3 MMSE Linear Prediction

Mean square error (MSE) of predictor Ŷ is given by

mse “ ErpY ´ Ŷ q2s (62)

• Given two random variables, X,Y , and predictor

Ŷ “ aX ` b, (63)

minimum MSE (MMSE) predictor given X “ x is

Ŷ “ ErY s `
CovrX,Y s

VarrXs
px´ ErXsq (64)
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• Given N samples of process xrns, and predictor

x̂rn` 1s “
N
ÿ

i“1

aixrn´ i` 1s, (65)

the values of ai are given by solution of

»

—

—

—

–

Rxr0s Rxr1s ¨ ¨ ¨ RxrN ´ 1s
Rxr1s Rxr0s ¨ ¨ ¨ RxrN ´ 2s

...
...

. . .
...

RxrN ´ 1s RxrN ´ 2s ¨ ¨ ¨ Rxr0s

fi

ffi

ffi

ffi

fl

»

—

—

—

–

a1
a2
...
aN

fi

ffi

ffi

ffi

fl

“

»

—

—

—

–

Rxr1s
Rxr2s

...
RxrN s

fi

ffi

ffi

ffi

fl

(66)

and the resulting MMSE is

mmse “ Rxr0s ´
N
ÿ

i“1

aiRxris (67)

8 Gaussian Variables & Processes

8.1 Bi-variate & Multivariate Normal Distribution

Joint Gaussian distribution of X1 and X2

fX1X2
px1, x2q “

1

2πσ1σ2
a

1´ ρ2
exp

ˆ

´
1

2p1´ ρ2q

„

px1 ´ µ1q
2

σ2
1

`
px2 ´ µ2q

2

σ2
2

´
2ρpx1 ´ µ1qpx2 ´ µ2q

σ1σ2

˙

(68)

Multivariate Gaussian distribution of X “ pX1, X2, . . . , XN q
T is given by

fXpxq “
1

p2πq
N{2

det rCXs
exp

"

´
1

2
px´ µq

T
C´1

X px´ µq

*

, (69)

Properties:

• Linear combination of Gaussian variables is Gaussian variable,

• Linear transformation – follows Eqs. (56a).

• If jointly distributed Gaussian random variables are uncorrelated, they are also independent

8.2 Gaussian Process

A Gaussian process xptq a random process that for @k ą 0 and for all times t1, . . . , tk, the set of random variable
xpt1q, . . . ,xptkq is jointly Gaussian (i.e. described by Eq. (69)).

Properties:

• WSS Gaussian process is SSS.

• Gaussian process xptq that passes through LTI system, yptq “ hptq ˚ xptq, is also Gaussian process but with
corresponding change in expectation and auto-covariance function.

9 Poisson Process

• The Poisson process, Nptq, is described by

p
`

Nptq “ k
˘

“ e´λt
pλtqk

k!
, k “ 0, 1, . . . (70a)

p
`

Np0q “ 0
˘

“ 0 (70b)

ErNptqs “ λt (70c)

V arrNptqs “ λt (70d)

p
`

Nptq ď k
˘

“

k
ÿ

i“0

p
`

Nptq “ k
˘

(70e)

• Independent & stationary increments:
For any t4 ą t3 ě t2 ą t1 and random variables
I1, I2 defined by

I1 “ Npt2q ´Npt1q (71a)

I2 “ Npt4q ´Npt3q (71b)

(a) I1 and I2 are independent
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(b) t2 ´ t1 “ t4 ´ t3 ñ I1, I2 has the same distri-
bution (stationary property)

• Time increment property

p
`

Npt2q ´Npt1q “ k
˘

“ p
`

Npt2 ´ t1q “ k
˘

(72)

• Joint PMF pt2 ą t1q

p
`

Npt1q “ i,Npt2q “ j
˘

“

“ p
`

Npt1q “ i
˘

¨ p
`

Npt2 ´ t1q “ j ´ i
˘

(73)

• Conditional probability

ppNpt1q “ i|Npt2q “ jq “

“
p
`

Npt1q “ i,Npt2q “ j
˘

p
`

Npt2q “ j
˘ (74)

• Special properties:

* Given sum of two independent distributions
X„ Ppλ1q and Y „ Ppλ2q, the resulting dis-
tribution is given by X ` Y „ Ppλ1 ` λ2q.

– Sub-group of Poisson process is Poisson pro-
cess.

– Sum of two Poisson processes λ1 and λ2 is Pois-
son process λ1 ` λ2 (but not a subtraction).

• Erlang: If Xi „ Exppλq is time difference between
events, then

Tk “
k
ÿ

i“1

Xi „ Erlangpk, λq (75a)

ErTks “
k

λ
(75b)

VarrTks “
k

λ2
(75c)

9.1 Campbell Theorem

Given

zptq “
8
ÿ

k“1

δ pt´ Tkq (76)

and casual system impulse response, hptq, the resulting
process is given by

yptq “ zptq ˚ hptq “
8
ÿ

k“1

hpt´ Tkq (77)

and the resulting statistics is given by

Eryptqs “λ

t
ż

0

hpsqds (78a)

Varryptqs “λ

t
ż

0

h2psqds (78b)

10 Markov Chain

• Transition matrix

P “

„

p00 p01
p10 p11



, (79)

where pij “ p
`

xrns “ j|xrn´ 1s “ i
˘

• Chapman-Kolmogorov equation

pT rn1 ` ns “ pT rn1sP
n, (80)

where prns is state probability vector

prns “

„

p0rns
p1rns



(81)

and pirns “ p
`

xrns “ i
˘

, i “ 0, 1.

• For general transition matrix of the form

P “

„

1´ α α
β 1´ β



(82)

Pn “

»

—

—

—

–

β

α` β

α

α` β

β

α` β

α

α` β

fi

ffi

ffi

ffi

fl

`

` p1´ α´ βq
n

»

—

—

—

–

α

α` β
´

α

α` β

´
β

α` β

β

α` β

fi

ffi

ffi

ffi

fl

(83)

• Steady-state probability vector

πT “
“

π0 π1
‰

, (84)

where πi “ lim
nÑ8

p
`

xrns “ i
˘

, i “ 0, 1

10.1 Ergodic Markov chain

For Pn ą 0,
πT “ πTP (85)

Average number of time-steps to return to state i from
the last occurrence of state i is 1{πi.
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11 Different Supplementary Formulas

11.1 Derivatives

d

dx
xn “ nxn´1

d

dx
exp rfpxqs “ exp rfpxqs

d

dx
fpxq

11.2 Integrals

11.2.1 Indefinite

ż

xndx “
1

n` 1
xn`1, n ‰ ´1

ż

exppaxqdx “
1

a
exppaxq

ż

x exppaxqdx “ exppaxq

„

x

a
´

1

a2



ż

x2 exppaxqdx “ exppaxq

„

x2

a
´

2x

a2
`

2

a3



ż

1

a2 ` x2
dx “

1

a
tan´1 x

a

11.2.2 Definite

ż 8

0

expp´a2x2qdx “

?
π

2a
ż 8

0

x2 expp´a2x2qdx “

?
π

4a3
ż 8

´8

δpxqdx “ 1

ż 8

´8

fpxqδpx´ aqdx “ fpaq

11.3 Fourier Transform

11.3.1 Properties

dn

dtn
fptq

F
ðñ pj2πfqnF pfq

fp´tq
F
ðñ F˚pfq

fpt´ t0q
F
ðñ F pfqe´j2πft0

fptqej2πf0t
F
ðñ F pf ´ f0q

11.3.2 Transform

uptq
F
ðñ

1

2

ˆ

1

jπf
` δpfq

˙

expp´atquptq
F
ðñ

1

a` j2πf

t expp´atquptq
F
ðñ

1

pa` j2πfq2

expp´a|t|q
F
ðñ

2a

a2 ` 4π2f2

expp´at2q
F
ðñ

c

π

a
exp

ˆ

´
pπfq2

a

˙

cosp2πfatq
F
ðñ

1

2

“

δpf ´ faq ` δpf ` faq
‰

sinp2πfatq
F
ðñ

1

2j

“

δpf ´ faq ´ δpf ` faq
‰

11.4 Trigonometry

sin2
pαq “

1

2
p1´ cosp2αqq

cos2pαq “
1

2
p1` cosp2αqq

cospαq cospβq “
1

2
rcospα` βq ` cospα´ βqs

sinpαq sinpβq “
1

2
rcospα´ βq ´ cospα` βqs

sinpαq cospβq “
1

2
rsinpα´ βq ` sin ppα` βqqs

11.5 Matrices

A “

„

a b
c d



, detrAs “ ad´ bc

A´1 “
1

ad´ bc

„

d ´b
´c a


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