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Random Processes — Formulas

1 Random Variables

1.1 Distributions

Notation PDF /PMF CDF E[X] Var[X]
0 r<a
Uniform Ula,b] ﬁ, a<xz<b % a<x<b a4 ; b I;)Z
1 b<uzx
Normal N(u,o?) ;ﬂge_% d(x) 1 o?
Exponential Exp(\) Ae ™ x>0 1—e® 1/A 1/)2
Poisson P(N) p(X = k) = e e YR A A A
Erlang  Erlang(k, M) AG25re™ 1 :i; QO =X J/xt k/(M)?

Special properties:

e Given sum of two independent distributions X ~ P(A1) and Y ~ P(A2), the resulting distribution is

given by X +Y ~ P(A\ + A2).
o If X; ~ Exp(\) then Zf;l X; ~ Erlang(k, \).
1.2 Properties

Definitions:

(1a)
() = 25 (1b)
Fx(@)= [ fx)dp (1¢)

Expectation

- [
D rip(X = x;)

— §° 9(x) fx (@) dx
Elg(X)] {Zig(xi)p(X o
ElaX] =aE|x]

Variance
Var[X] =E[(X — E[X])?]

=E[X?] - E?[X]
Var[aX + b] =a® Var[X]




2 Two Random Variables

2.1 Joint Distributions

Definitions:
82FXY(-75,3/)
Ixy(z,y) = ~owdy

Fev(e) = [ [ pevspdpds

Conditional distribution:

fXY(x y)a fX( )

p(Y = 31X = 23) = p(Yp:(;jji = x’“), p(X

Expectation:
E[XY] = J zy fxy (z,y)dzdy

Blg(X,Y)] = f 9@, 9) frxy (z, y)dady
E[X +Y]=E[X]+ E[Y]

Conditional expectation & Variance:

E[Y|X] = {SnyX(y|Jf)dxdy
Zk yep(Y = y| X = ij)
E[X] =B[E[X|Y]]
Var[Y|X] =E[Y?|X] — E*[Y|X]
Var[Y] = Var[E[Y|X]] + E[Var[Y|X]]

Independent random variables:

fxv(z,y) = fx(@)fy(y)
Fxy(z,y) = Fx(2)Fy(y)
E[XY] = E[X]E[Y]
Elg1(X)g2(Y)] = E[g1(X)]E[g2(Y)]
Var[X + Y] = Var[X] + Var[Y]

Marginal distribution:
Q0
) = f fxv(z,y)dy
—o0

y) = foo fxy (@, y)dx

Fx(l‘) = FXy(iL‘, OO)
Fy(y) = Fxy(,y)

2.2 Correlation, Covariance & Correlation
Coefficient

e For two jointly-distributed random variables X
and Y, covariance is given by

Cov[X, Y] =E[(X - E[X])(Y — E[Y])]
=E[XY] - E[X]E[Y] (10)
Main covariance properties are:
Cov[X, X]| = Var[X] (11a)
Cov[X,Y] = Covl|Y, X]| (11b)
Cov[X,a] =0 (11c)
> 0 Cov[aX,bY] = abCov|[X,y] (11d)
Cov[X + a,Y +b] = Cov[X, Y] (11e)
Cov[X +Y, Z] = Cov[X, Z] + Covl|Y, Z]
(11f)

Var[X + Y] o
g

e Correlation coefficient (also termed as Pear-
son product-moment correlation coefficient) is
given by

Cov[X,Y]

Var[X] Var[Y]

pPXY = (12)

such that |pxy| <1

e For two random vectors X € R™ and Y € R"”,
the resulting m x n covariance matrix is given

by
Cov[X,Y]| =Cxy
=E[(X - E[X])(Y - E[Y])"]
=E[XY"] - EX]E[Y]"  (13)
2.3 Relations

e When X and Y are orthogonal, E[XY] = 0.

e When X and Y are uncorrelated, Cov[X,Y] =
pxy = 0.

e When X and Y are independent, they are also
uncorrelated (see also Egs. 8).

e When X and Y are jointly Gaussian and un-

correlated = X and Y are independent.

= Var[X] 4+ Var[Y] + 2 Cov[ X, Y]



2.4 Bi-variate & Multivariate Normal Distribution
Joint Gaussian distribution of X7 and X5

1 1
leXg(flaJUZ) = 1 p2 €Xp (MX

2roi01

_ 2 — 2 9 _ —

x[(ﬂﬁl 2M1) L (o2 2#2) _ 2p(z1 — pa) (2 Mz)D (14)
Ul 0‘2 01092

Multivariate Gaussian distribution of X = (X, Xo,...,X},) is given by

) = gt o {5 e O (19

3 Signal Characterization

3.1 Auto-signal e When x(t1) and xz(t2) are orthogonal,
o Average: Ra(t1,t2) =0
7 e When z(t;) and x(t2) are wuncorrelated,
Ele(t)] = J ofo(mt)de  (16) Coltats) = palts.ta) = O
—00

e When =xz(t;) and z(t2) are independent,
Ry(ty, t2) = El(ty)]Elz(t2)]-

e Variance:

Varlz(t)] = E*()] - E22()]  (17)

e Auto-correlation 3.2 Cross-Signal
Byt t2) = Elx(ti)z(t2)] (18a) e Cross-correlation
Ry (t1,t2) = Ry(t2,t1) (18b)
Ry(t,t) = B[2*(t)] (18c) Ray(t1,12) = Elx(t1)y(t2)] (21)

Auto-covariance

Cu(t1,t2) = Elz(t1)z(t2)] — Elx(t1)] Elz(t2)]

e (Cross-covariance

(19a)
Calt, t) = Var[z(t)] (19b) Corltt2) = o1, 12) = E[x(tl)]E[y(tZ()z]z)
e Correlation Coeflicient c | Cooi
e Correlation Coefficient
pu(ty, o) = Colty, to) (20a)
VCa(tr,t1)Co(t2, t2) (t1.t2) = Cay(t1,t2) (23)
pa(ti ta)] < 1 (20b) P By (1, 81) Coy (£, £2)
4 Wide-Sense Stationary (WSS) Process
Definition:
Elz(t)] = E[z(0)] = my; = const (24a)
Ry(t1,t2) = Ry(0,7) = Ry(7), T =1ty—1t1, Viti,to (24b)



4.1 Auto-signal

e Auto-correlation

R.(7) = Elz(t)z*(t + 7)] = Elz(t — 7)z*(t)]

(25)
Properties:
Ry(—7) =Ry (1) (26a)
R, (0) =E[|z(0)]"] = E[Jz(t)]’] ~ (26b)
Var[z(t)] =C.(0) = o2 (26¢)
|R2(0)| =R () (26d)
Deterministic definition
Ry (1) = (1) * 2™ (—7) (27)
e Auto-covariance
Cu(7) = Ru(7) —m3 (28)
e Correlation Coefficient
. Cx(7)
pe() = Gt (29)
e Power spectral density (PSD)
Sz(f) = F{Re(7)} (30)
Properties:
Sz(f) = Su(—1) (31a)
Sa(f) =0, Vf (31b)
Sz(f) e R (real numbers) (31c)
Average power
P = B[] = Ra(0) = | S0 (32)

Deterministic X (f) =
F{z*(—7)} definition

Se(f) = X(X*(f) = [X()

Fla(t)}, X*(f) =

(33)

4.2 Cross-signal

e (Cross-correlation

Rey(r) = By (t4 7)) (34)
Properties
Ryy(7) = Ry, (—7) (35a)
Ry ()] < 7/ Re(0) R, (0) (35b)
Ray(r)] < 5 [Ral0) 4 B, (0)]  (350)
Deterministic definition
Rey(r) =2(r) sy*(-7)  (36)
e (Cross-covariance
Cuy(7) = Boy(7) —mgm, (37
e Cross-PSD
Su(f) = FiRy(@}  (39)
Properties
Seu(F) = Syel—1) = S3,(~f)  (39)
Deterministic definition
Su(f) = X(OY*()  (40)

4.3 White Noise Process

White noise process, n(t), is WSS process that is
characterized by

(41a)
(41b)




5 LTI and WSS Random Process

For LTT system with impulse response h(t) 5.2 Power-Spectral Density (PSD) &
@ © « hit) 42) Cross-PSD
t) =x(t) = h(t
’ Given frequency response H(f) = F {h(7)}, H*(f) =
Average F{h*(—71)}
7 Suy (f) = Sz (f) H(f) (45a)
my=ms [ bpds = matt(f=0) 69| g7y gy (45b)
- Sy (F) = Su ()Y HDH(f) = S2 (1) [H()]
5.1 Cross-correlation & cross-covariance (45¢)
Power of the process:
Ryy (1) = Ry (1) % h (1) (44a)
Chry (1) = C (1) % h (1) (44b) ¢
R = B el () | P RO =_£ Se () df (462)
Cyz (1) = Cp (1) * h* (—7) (44d) -
By (1) = R ()« h(r)« 1" (=) (44e) Py=Ry(0) = | Se(f)IH(f)Pdf  (46b)
Cy(r) =Cy (1) h(r)*h* (-7 (44f) -~
6 Filtering of WSS Process
6.1 SNR
For an input
x(t) = s(t) + n(t), (47)
where signal s(t) and noise n(t) are independent and E[n(t)] = 0, and output y(t)
Sy(f) = Su (NHEIP = S5 () HS) +8a () IH()E, (48)

where S, (f) |H(f)|? is signal output PSD and S, (f) |H(f)| is noise PSD.
The input and output SNRs is given by

B20)]  Ru0)  {Sulf)df )
SNRe = Bl2@0)] ~ Ron(0) — § Sun(F)df (492)
2
s, _ VSsUIHORD o
S () [H ()P f

6.2 Match Filter

The goal of filter h(t) is to provide maximum SNR at time ¢ = to for deterministic signal z(¢) and noise
n(t). The filter is given by
X*(f) e*jQTl’fto'

H(p) =g (50
For white noise, n(t), with Sy(f) = Ny/2, the filter is given by
Hun(f) = X*()e 72710 hue(t) = x(to — 1) (51)



and the resulting maximum SNR is given by

o0
2 ) 2E,
NRpax = — X df = — 2
SNRuwe = 1 | (O = 50 52)
-0
7 Poisson Process
The Poisson process, N(t), is described by
At
p(N(t) = k) = e_)‘t( k,) . k=0,1,... (53a)
p(N(0)=0)=0 (53b)
Time increment property
p(N(t2) = N(t1) = k) = p(N(t2 — t1) = k) (54)
7.1 Campbell Theorem
Given the relation ”
y(t) = >, gt —tx) (55)
k=1
where t;, are Poisson event times and g(t) is casual system impulse response, resulting statistics is given by
t
Ely(t)] =X | g(wu (36)
0
t
Var[y(t)] =X | ¢*(u)du (56b)
0
7.2 Auto-correlation & auto-covariance
t
Cy(t,t+71) = )\f h(u)h(u + 7)du (57a)
0
t
Ry(t,t+71) = )\f h(u)h(u + 7)du + Ely(t)|E[y(t + 7)] (57b)
0
For time-limited h(t), such that h(t) = 0,¢ > t5, or at limit t — o0
Cy(r) = Cy(t,t + 1) (58a)
t
Ry(r) = Ry(t,t +7) = Af h(w)h(u + 7)du + E2[y(t)] (58b)
0



8 Different Supplementary Formulas

8.1 Derivatives

8.2 Integrals

8.2.1 Indefinite

1
Jx”d:cz T
n+1

1

’Vl-‘rl’ n?ﬁ _1

fexp(ax)dm = —exp(ax)
a
Jxe ax)dx = exp(ax) z 1
X = ex - -
p( P a a?
2 2¢ 2
J:ﬂe az)dr = exp(az) [Z — —f + a3}
1 1
it =
8.2.2 Definite
o0
200 dx = NG
Jo exp(—a“z®)dx 5
o0
jo 22 exp(—a’z?)dx = Z\l{g
e}
f §(z)dr =1
—00
e}
[ s@ite - =
—00

10

8.3 Fourier Transform

8.3.1 Properties

dt”

8.3.2 Transform

u(t)<i>1<

exp(—at)u(t) Z !

texp(—at)u(t) <=

exp(—alt|) <i>

exp(—at?) <i>\/?ex (—( 1)

cos(2m fot) <=

Sin(27 fut) <= Z

P pe) <<

)

L (2 f)"F(f)

1
e an)
a+j2nf
1
(a+ j2mf)?
2a
R

)

[ (f = fa) +0(f + fa)]
[ (f fa)_ (f+fa)]

8.4 Trigonometry

sin®(a) =

cos? ()
cos(a) cos(f) =
sin(a) sin(3) =
sin(a) cos(B) =

(1 — cos(2))
(1 + cos(2))
[cos(a + B) + cos(a — B)]
[cos(a

— B) — cos(a + B)]
[sin(a — B) + sin ((« + B3))]
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