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נק’) 40) סטציאונריות – אקראיים תהליכים 1

ש- כך Y (t) X(t)ו- , WSS תלויים, בלתי אקראיים תהליכים נתונים

.E[X(t)] = E[Y (t)] = 1, V ar[X(t)] = σ2
X , V ar[Y (t)] = σ2

Y

.V (t) = X(t) + aY (t),W (t) = X(t)Y (t) חדשים: תהליכים מייצרים מתוכם

? WSS הוא V (t) האם .1

? WSS Wהוא (t) האם .2

? במשותף סטציאונריים בתהליכים מדובר האם ?RVW (t1, t2) RVWאו (t, t+ τ) חשב .3

.Rx(τ) = Ry(τ) בהינתן אורטוגונליים, V (t),W (t) עבורו a של ערך חשב .4

נק’) 40) תכונות – אקראיים תהליכים 2

מהצורה אקראי אות נתון

X(t) = Ac

[
1 +m sin (2πfmt+ ϕ)

]
cos (2πfct+ θ)

,0 < A,m קבועים כאשר

תלויים. בלתי אקראיים משתנים הם ϕ, θ ∼ U [0, 2π]

מצא:

E[X(t)] .1

V ar[X(t)] .2

סטציאונרי? בתהליך מדובר האם .Rx(t1, t2) ,Rx(tאו t+ τ) .3

מערכת דרך עובר האות .4

H(f) = −jsgn(f) =

−j f > 0

j f < 0

המערכת. במוצא Py הספק חשב
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נק’) 30) Poisson תהליכי 3

חשב: שניות. ל-2 אחד בממוצע בגלאי פוגעים חלקיקים

מסויימת. שניה בתוך בדיוק חלקיקים ל-2 סיכוי .1

מסויימת. שניה בתוך 1 מחלקיק יותר ללא סיכוי .2

הגלאי. ע”י ממוצע חלקיקים הפגיעת קצב למדוד מעוניינים

.a = 10
[

1
sec

]
כאשר ,h(t) = e−atu(t)[V ] מהצורה הגלאי של להלם תגובה נניח

תוחלת החלקיקים. פגיעת זמני זה ti כאשר ,X(t) =
∑∞

i=1 h(t−ti) מהצורה אות נוצר חלקיקים מפיגעות כתוצא

מדידה. דק’ 10 אחרי E[X(t)] = 0.1[V ] היא המתקבל האות של

בגלאי? החלקיקים פגיעת של ממוצע קצב מהו .3
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Random Processes – Formulas

1 Random Variables

1.1 Distributions

Notation PDF/PMF CDF ErXs VarrXs

Uniform U[a,b] 1
b´a , a ď x ď b

$

’

&

’

%

0 x ă a
x´a
b´a a ď x ď b

1 b ă x

a` b

2

pb´ aq2

12

Normal Npµ, σ2q 1?
2πσ

e´
px´µq2

2σ2 Φpxq µ σ2

Exponential Exppλq λe´λx, x ě 0 1´ e´λx 1{λ 1{λ2

Poisson Ppλq ppX “ kq “ e´λ λ
k

k! e´λ
řk
i“0

λi

i! λ λ

Erlang Erlangpk, λtq λ pλtq
k´1

pk´1q! e
´λt 1´

k´1
ř

n“0

pλtqn

n! e
´λt k{λt k{pλtq2

Special properties:

• Given sum of two independent distributions X „ Ppλ1q and Y „ Ppλ2q, the resulting distribution is
given by X ` Y „ Ppλ1 ` λ2q.

• If Xi „ Exppλq then
řk
i“1Xi „ Erlangpk, λq.

1.2 Properties

Definitions:

FXpxq “ ppX ď xq (1a)

fXpxq “
BFXpxq

Bx
(1b)

FXpxq “

ż x

´8

fXppq dp (1c)

Expectation

ErXs “

#

ş8

´8
xfXpxqdx

ř

i xippX “ xiq
(2a)

ErgpXqs “

#

ş8

´8
gpxqfXpxqdx

ř

i gpxiqppX “ xiq
(2b)

EraXs “aErxs (2c)

Variance

VarrXs “ErpX ´ ErXsq2s

“ErX2s ´ E2rXs (3a)

VarraX ` bs “a2 VarrXs (3b)
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2 Two Random Variables

2.1 Joint Distributions

Definitions:

FXY px, yq “ ppX ď x, Y ď yq (4a)

fXY px, yq “
B2FXY px, yq

BxBy
(4b)

FXY px, yq “

ż x

´8

ż y

´8

fXY ps, pq dp ds (4c)

Conditional distribution:

fY |Xpy|xq “
fXY px, yq

fXpxq
, fXpxq ą 0 (5a)

ppY “ yj |X “ xkq “
ppY “ yj , X “ xkq

ppX “ xkq
, ppX “ xkq ą 0

(5b)

Expectation:

ErXY s “

ż

xyfXY px, yqdxdy (6a)

ErgpX,Y qs “

ż

gpx, yqfXY px, yqdxdy (6b)

ErX ` Y s “ErXs ` ErY s (6c)

Conditional expectation & Variance:

ErY |Xs “

#

ş

yfY |Xpy|xqdxdy
ř

k ykppY “ yk|X “ xjq
(7a)

ErXs “ErErX|Y ss (7b)

VarrY |Xs “ErY 2|Xs ´ E2rY |Xs (7c)

VarrY s “VarrErY |Xss ` ErVarrY |Xss (7d)

Independent random variables:

fXY px, yq “ fXpxqfY pyq (8a)

FXY px, yq “ FXpxqFY pyq (8b)

ErXY s “ ErXsErY s (8c)

Erg1pXqg2pY qs “ Erg1pXqsErg2pY qs (8d)

VarrX ` Y s “ VarrXs `VarrY s (8e)

Marginal distribution:

fXpxq “

ż 8

´8

fXY px, yqdy (9a)

fY pyq “

ż 8

´8

fXY px, yqdx (9b)

FXpxq “ FXY px,8q (9c)

FY pyq “ FXY p8, yq (9d)

2.2 Correlation, Covariance & Correlation
Coefficient

• For two jointly-distributed random variablesX
and Y , covariance is given by

CovrX,Y s “ErpX ´ ErXsqpY ´ ErY sqs

“ErXY s ´ ErXsErY s. (10)

Main covariance properties are:

CovrX,Xs “ V arrXs (11a)

CovrX,Y s “ CovrY,Xs (11b)

CovrX, as “ 0 (11c)

CovraX, bY s “ abCovrX, ys (11d)

CovrX ` a, Y ` bs “ CovrX,Y s (11e)

CovrX ` Y, Zs “ CovrX,Zs ` CovrY,Zs
(11f)

VarrX ` Y s “ VarrXs `VarrY s ` 2 CovrX,Y s
(11g)

• Correlation coefficient (also termed as Pear-
son product-moment correlation coefficient) is
given by

ρXY “
CovrX,Y s

a

VarrXsVarrY s
(12)

such that |ρXY | ď 1.

• For two random vectors X P Rm and Y P Rn,
the resulting mˆ n covariance matrix is given
by

CovrX,Ys “CXY

“ErpX´ ErXsqpY ´ ErYsqT s

“ErXYT s ´ ErXsErYsT (13)

2.3 Relations

• When X and Y are orthogonal, ErXY s “ 0.

• When X and Y are uncorrelated, CovrX,Y s “
ρXY “ 0.

• When X and Y are independent, they are also
uncorrelated (see also Eqs. 8).

• When X and Y are jointly Gaussian and un-
correlated ùñ X and Y are independent.
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2.4 Bi-variate & Multivariate Normal Distribution

Joint Gaussian distribution of X1 and X2

fX1X2px1, x2q “
1

2πσ1σ1
a

1´ ρ2
exp

ˆ

´
1

2p1´ ρ2q
ˆ

ˆ

„

px1 ´ µ1q
2

σ21
`
px2 ´ µ2q

2

σ22
´

2ρpx1 ´ µ1qpx2 ´ µ2q

σ1σ2

˙

(14)

Multivariate Gaussian distribution of X “ pX1, X2, . . . , Xnq is given by

fXpxq “
1

2π det rCXs
exp

"

´
1

2
px´ µqT C´1X px´ µq

*

, (15)

3 Signal Characterization

3.1 Auto-signal

• Average:

Erxptqs “

8
ż

´8

xfxpx; tqdx (16)

• Variance:

V arrxptqs “ Erx2ptqs ´ E2rxptqs (17)

• Auto-correlation

Rxpt1, t2q “ Erxpt1qxpt2qs (18a)

Rxpt1, t2q “ Rxpt2, t1q (18b)

Rxpt, tq “ Erx2ptqs (18c)

• Auto-covariance

Cxpt1, t2q “ Erxpt1qxpt2qs ´ Erxpt1qsErxpt2qs
(19a)

Cxpt, tq “ V arrxptqs (19b)

• Correlation Coefficient

ρxpt1, t2q “
Cxpt1, t2q

a

Cxpt1, t1qCxpt2, t2q
(20a)

|ρxpt1, t2q| ď 1 (20b)

• When xpt1q and xpt2q are orthogonal,
Rxpt1, t2q “ 0.

• When xpt1q and xpt2q are uncorrelated,
Cxpt1, t2q “ ρxpt1, t2q “ 0.

• When xpt1q and xpt2q are independent,
Rxpt1, t2q “ Erxpt1qsErxpt2qs.

3.2 Cross-Signal

• Cross-correlation

Rxypt1, t2q “ Erxpt1qypt2qs (21)

• Cross-covariance

Cxypt1, t2q “ Rxypt1, t2q ´ Erxpt1qsErypt2qs
(22)

• Correlation Coefficient

ρxypt1, t2q “
Cxypt1, t2q

a

Cxypt1, t1qCxypt2, t2q
(23)

4 Wide-Sense Stationary (WSS) Process

Definition:

Erxptqs “ Erxp0qs “ mx “ const (24a)

Rxpt1, t2q “ Rxp0, τq “ Rxpτq, τ “ t2 ´ t1, @t1, t2 (24b)
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4.1 Auto-signal

• Auto-correlation

Rxpτq “ Erxptqx˚pt` τqs “ Erxpt´ τqx˚ptqs
(25)

Properties:

Rxp´τq “Rxpτq (26a)

Rxp0q “Er|xp0q|
2
s “ Er|xptq|2s (26b)

V arrxptqs “Cxp0q “ σ2x (26c)

|Rxp0q| ěRxpτq (26d)

Deterministic definition

Rxpτq “ xpτq ˚ x˚p´τq (27)

• Auto-covariance

Cxpτq “ Rxpτq ´m
2
x (28)

• Correlation Coefficient

ρxpτq “
Cxpτq

Cxp0q
(29)

• Power spectral density (PSD)

Sxpfq “ F tRxpτqu (30)

Properties:

Sxpfq “ Sxp´fq (31a)

Sxpfq ě 0, @f (31b)

Sxpfq P R (real numbers) (31c)

Average power

Px “ Erx2ptqs “ Rxp0q “

8
ż

´8

Sxpfqdf (32)

Deterministic Xpfq “ F txptqu , X˚pfq “

F tx˚p´τqu definition

Sxpfq “ XpfqX˚pfq “ |Xpfq|2 (33)

4.2 Cross-signal

• Cross-correlation

Rxypτq “ Erxptqy˚pt` τqs (34)

Properties

Rxypτq “ R˚yxp´τq (35a)

|Rxypτq| ď
b

Rxp0qRyp0q (35b)

|Rxypτq| ď
1

2
rRxp0q `Ryp0qs (35c)

Deterministic definition

Rxypτq “ xpτq ˚ y˚p´τq (36)

• Cross-covariance

Cxypτq “ Rxypτq ´mxmy (37)

• Cross-PSD

Sxypfq “ F tRxypτqu (38)

Properties

Sxypfq “ Syxp´fq “ S˚xyp´fq (39)

Deterministic definition

Sxypfq “ XpfqY ˚pfq (40)

4.3 White Noise Process

White noise process, nptq, is WSS process that is
characterized by

Rnpτq “ σ2δpτq (41a)

Snpfq “ σ2 (41b)
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5 LTI and WSS Random Process

For LTI system with impulse response hptq

yptq “ xptq ˚ hptq (42)

Average

my “ mx

8
ż

´8

hpsqds “ mxHpf “ 0q (43)

5.1 Cross-correlation & cross-covariance

Rxy pτq “ Rx pτq ˚ h pτq (44a)

Cxy pτq “ Cx pτq ˚ h pτq (44b)

Ryx pτq “ Rx pτq ˚ h
˚ p´τq (44c)

Cyx pτq “ Cx pτq ˚ h
˚ p´τq (44d)

Ry pτq “ Rx pτq ˚ h pτq ˚ h
˚ p´τq (44e)

Cy pτq “ Cx pτq ˚ h pτq ˚ h
˚ p´τq (44f)

5.2 Power-Spectral Density (PSD) &
Cross-PSD

Given frequency responseHpfq “ F thpτqu , H˚pfq “
F th˚p´τqu

Sxy pfq “ Sx pfqHpfq (45a)

Syx pfq “ Sx pfqH
˚pfq (45b)

Sy pfq “ Sx pfqHpfqH
˚pfq “ Sx pfq |Hpfq|

2

(45c)

Power of the process:

Px “ Rxp0q “

8
ż

´8

Sx pfq df (46a)

Py “ Ry p0q “

8
ż

´8

Sx pfq |Hpfq|2df (46b)

6 Filtering of WSS Process

6.1 SNR

For an input
xptq “ sptq ` nptq, (47)

where signal sptq and noise nptq are independent and Ernptqs “ 0, and output yptq

Sypfq “ Sx pfq |Hpfq|
2
“ Ss pfq |Hpfq|

2
` Sn pfq |Hpfq|

2 , (48)

where Ss pfq |Hpfq|
2 is signal output PSD and Sn pfq |Hpfq|

2 is noise PSD.
The input and output SNRs is given by

SNRx “
Ers2ptqs

Ern2ptqs
“
Rssp0q

Rnnp0q
“

ş

Ssspfqdf
ş

Snnpfqdf
(49a)

SNRy “

ş

Ssspf |Hpfq|
2 df

ş

Snnpfq |Hpfq|
2 df

. (49b)

6.2 Match Filter

The goal of filter hptq is to provide maximum SNR at time t “ t0 for deterministic signal xptq and noise
nptq. The filter is given by

Hpfq “ α
X˚pfq

Snpfq
e´j2πft0 . (50)

For white noise, nptq, with SN pfq “ N0{2, the filter is given by

Hmfpfq “ X˚pfqe´j2πft0 ÐÑ hmfptq “ xpt0 ´ tq (51)
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and the resulting maximum SNR is given by

SNRmax “
2

N0

8
ż

´8

|Xpfq|2 df “
2Ex
N0

(52)

7 Poisson Process

The Poisson process, Nptq, is described by

ppNptq “ kq “ e´λt
pλtqk

k!
, k “ 0, 1, . . . (53a)

ppNp0q “ 0q “ 0 (53b)

Time increment property
ppNpt2q ´Npt1q “ kq “ ppNpt2 ´ t1q “ kq (54)

7.1 Campbell Theorem

Given the relation

yptq “
8
ÿ

k“1

gpt´ tkq (55)

where tk are Poisson event times and gptq is casual system impulse response, resulting statistics is given by

Eryptqs “λ

t
ż

0

gpuqdu (56a)

Varryptqs “λ

t
ż

0

g2puqdu (56b)

7.2 Auto-correlation & auto-covariance

Cypt, t` τq “ λ

ż t

0
hpuqhpu` τqdu (57a)

Rypt, t` τq “ λ

ż t

0
hpuqhpu` τqdu` EryptqsErypt` τqs (57b)

For time-limited hptq, such that hptq “ 0, t ą th, or at limit tÑ8

Cypτq “ Cypt, t` τq (58a)

Rypτq “ Rypt, t` τq “ λ

ż t

0
hpuqhpu` τqdu` E2ryptqs (58b)
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8 Different Supplementary Formulas

8.1 Derivatives

d

dx
xn “ nxn´1

d

dx
exp rfpxqs “ exp rfpxqs

d

dx
fpxq

8.2 Integrals

8.2.1 Indefinite

ż

xndx “
1

n` 1
xn`1, n ‰ ´1

ż

exppaxqdx “
1

a
exppaxq

ż

x exppaxqdx “ exppaxq

„

x

a
´

1

a2



ż

x2 exppaxqdx “ exppaxq

„

x2

a
´

2x

a2
`

2

a3



ż

1

a2 ` x2
dx “

1

a
tan´1

x

a

8.2.2 Definite

ż 8

0
expp´a2x2qdx “

?
π

2a
ż 8

0
x2 expp´a2x2qdx “

?
π

4a3
ż 8

´8

δpxqdx “ 1

ż 8

´8

fpxqδpx´ aqdx “ fpaq

8.3 Fourier Transform

8.3.1 Properties

dn

dtn
fptq

F
ðñ pj2πfqnF pfq

8.3.2 Transform

uptq
F
ðñ

1

2

ˆ

1

jπf
` δpfq

˙

expp´atquptq
F
ðñ

1

a` j2πf

t expp´atquptq
F
ðñ

1

pa` j2πfq2

expp´a|t|q
F
ðñ

2a

a2 ` 4π2f2

expp´at2q
F
ðñ

c

π

a
exp

ˆ

´
pπfq2

a

˙

cosp2πfatq
F
ðñ

1

2

“

δpf ´ faq ` δpf ` faq
‰

sinp2πfatq
F
ðñ

1

2j

“

δpf ´ faq ´ δpf ` faq
‰

8.4 Trigonometry

sin2pαq “
1

2
p1´ cosp2αqq

cos2pαq “
1

2
p1` cosp2αqq

cospαq cospβq “
1

2
rcospα` βq ` cospα´ βqs

sinpαq sinpβq “
1

2
rcospα´ βq ´ cospα` βqs

sinpαq cospβq “
1

2
rsinpα´ βq ` sin ppα` βqqs
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